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Abstract
We show that the tertiary homotopy composition operation (quaternary Toda bracket) can, with
the advantage of reduced indeterminacy, be replaced by a triple Toda bracket in a bicategory
with zeros and invertible 2-morphisms. We de7ne the bracket via a pasting operation in such a
category, recovering standard properties in the new setting, and apply it to a certain bicategory
whose objects are pointed maps, 1-morphisms are squares with commuting homotopies, and
whose 2-morphisms are 2-tracks (Appl. Cat. Str. 8 (2000) 209). We indicate that Hopf invariant
detection formulae involving the new triple bracket yield a natural extension of the classical
Hopf–Toda technique for constructing non-trivial homotopy classes.
c© 2002 Elsevier Science B.V. All rights reserved.
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0. Introduction
Secondary and higher order homotopy composition operations (Toda brackets) were
introduced by Toda [25] in order to construct elements of the homotopy groups of
spheres as part of his ‘composition method’ for computing these groups. Elements
of brackets are morphisms of the pointed homotopy category hTop∗ and a bracket
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{; ; } is de7ned if  ◦  = 0 and  ◦  = 0 (here 0 denotes the class of a constant
map). Vanishing of the composite morphisms implies the existence of nullhomotopies
of composites of representative maps. The bracket is de7ned to be the set of possible
diHerence classes of nullhomotopies, which turns out to be a certain double coset.
The existence of the quaternary Toda bracket (i.e. the 7rst of the higher order Toda
brackets) seems 7rst to have been suggested by Toda [23] and a rather complete
discussion, in full generality, given by Oˆguchi [18]. The main technical diJculty with
the de7nition (which is compounded when brackets of still higher order are considered)
is that a bracket {; ; ; } is not necessarily de7ned (as one might expect it should
be) when we know that
 ◦  = 0;  ◦ = 0;  ◦ = 0; {; ; }= 0 and {; ; }= 0
(by {; ; }=0, we mean that 0∈{; ; }) but an additional and somewhat awkward
coherence condition is required before such a bracket is de7ned. This diJculty com-
plicates elucidation of the indeterminacy of the bracket. Moreover, with the quaternary
bracket certain linking homotopies need to be considered so that an element is not just
a simple diHerence class of nullhomotopies.
The book by Gabriel and Zisman [4] developed foundations of homotopy theory on
the basis of category theory, assuming little more than the existence of a 2-category
with invertible 2-morphisms and a zero object. Indeed, a notion of homotopy (a natural
equivalence relation) on the 1-morphisms of a 2-category is obtained if we set f  g
whenever there exists an invertible 2-morphism f ⇒ g. The third author studied in
[16] the corresponding notion of homotopy equivalence and used it to characterise the
homotopy equivalences in various associated lax categories.
An alternative abstract approach to homotopy theory, that of ‘model categories’,
developed by Quillen [20], assumes just an ordinary category C with three speci7ed
classes of morphisms, called :brations, co:brations, weak equivalences satisfying cer-
tain axioms. Remarkably eHective in capturing features of the classical homotopy theory
of pointed topological spaces, it is replete with notions of loop and suspension functors
which [20, Chapter 0] ‘determine the (triple) Toda bracket’ (i.e. the secondary com-
position operation). ‘Presumably (Quillen continues) there is higher order structure on
the homotopy category which forms part of the homotopy theory of a model category
but (our italics) we have not been able to :nd an inclusive general de:nition of this
structure: : :preserved when there are adjoint functors which establish an equivalence
of homotopy theories.’
Toda brackets [11] and other secondary operations [12] have been de7ned in the
homotopy theory of a 2-category with zero objects but the higher order Toda brackets
have so far proved elusive. What seems to be needed (but which remains unrealised)
is an iterative construction of homotopy categories hC(n) in which hC(0) = hC, the
homotopy category of C and in which the (triple) Toda bracket in hC(n) corresponds
to the composition in hC(n+1). An initial stage of such a construction has been given
for the topological case in [9] but is still incomplete, for in that paper, hC(1) turns
out to be the homotopy category of a bicategory in the sense of BOenabou [2] and to
date no theory of secondary composition for the homotopy category of a bicategory
has been described.
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Accordingly, we present (in Section 2) a theory of triple Toda bracket for what
we call (De7nition 1.3.3) a track bicategory (a bicategory with zeros and invertible
2-morphisms), adapting Baues’s usage [1, p. 330 et seq.] of track category for a
groupoid enriched category. The theory is then applied (Section 3) to the bicategory
bTop∗ constructed in [9]. We 7nd that the quaternary bracket in hTop∗ is essentially
a union of triple brackets in hbTop∗.
Consequently, the strangely complicated de7nitions of the quaternary Toda bracket
[23,18,27] rePect a compromise forced on the relevant authors by the absence of
appropriate intermediate structures. Moreover, the new approach permits enunciation
of sharper formulae, e.g. Propositions 4.5.1 and 4.6, Corollary 4.7 and Proposition
5.5.3. These are relevant to computation of the homotopy groups of spheres, but
also, since they do not depend on the exactness principles discovered by James and
Toda, are generally applicable in hTop∗. Finally, in Section 6 we indicate the rela-
tion of such formulae to earlier computations, without attempting to be exhaustive,
but deeper applications of the formulae and techniques have been left for subsequent
papers.
In particular, a discussion of the full indeterminacy of the quaternary Toda bracket
and of its factorisation through a 2-cone (via 2-coextension and 2-extension) has been
left for another occasion.
1. Bicategories
We recall that a bicategory S in the sense of BOenabou is given by the following
data:
(i) A class Ob(S) of objects (0-cells) of S.
(ii) For each pair (Y; X ) of objects of S, a category S(Y; X ). An object f of S(Y; X )
is called an arrow or 1-cell or 1-morphism of S, and written
f :Y → X:
A morphism m from f to f′ in S(Y; X ) will be called a 2-cell or 2-morphism and
written
m :f ⇒ f′:
Composition of m :f ⇒ f′ and m′ :f′ ⇒ f′′ will be denoted additively 1 to give
m +m′ :f ⇒ f′′:
The identity element at a 1-cell f will be written 0f :f ⇒ f.
1 Here we have elected to follow [1] while hastening to point out that the categorical convention is also
widely employed (as in [11] for example!). Under the latter, one would write m′ + m :f ⇒ f′′ for this
composition.
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(iii) For each triple (Z; Y; X ) of objects of S, a composition functor
S(Z; Y )× S(Y; X ) ◦−→ S(Z; X )
denoted (f; g) 
→ gf; (m; n) 
→ n ◦m on objects resp. morphisms.
(iv) For each object X of S an object 1X of S(X; X ), called an identity arrow of S.
The identity 2-cell 01X : 1X ⇒ 1X will be denoted by 0X .
(v) For each quadruple (U; Z; Y; X ) of objects of S, natural isomorphisms, called
associativity isomorphisms,
= fgh :f(gh)⇒ (fg)h;
where h :U → Z; g :Z → Y; f :Y → X are 1-cells.
(vi) For each pair (Y; X ) of objects of S, two natural isomorphisms, called left and
right identities,
 : 1X ◦ f ⇒ f;  :f ◦ 1Y ⇒ f;
where f :Y → X is a 1-cell. The isomorphisms ;  and  are required to satisfy the
following axioms (AC) and (IC).
(AC) Associativity coherence: Let
k :V → U; h :U → Z; g :Z → Y; f :Y → X
be 1-cells of S. Then the following diagram commutes.
(IC) Identity coherence: Let g :Z → Y and f :Y → X be 1-cells of S. Then the
following diagram commutes.
The functoriality of ◦ implies the following:
1.1 Lemma (Interchange property). Given 2-morphisms
f n⇒ f′ n
′
⇒ f′′ and g m⇒ g′ m
′
⇒ g′′;
where g; g′; g′′ :Z → Y and f;f′; f′′ :Y → X are 1-morphisms then
(n + n′) ◦ (m +m′) = (n ◦m) + (n′ ◦m′):
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The horizontal composition of 2-morphisms can be expressed in terms of the dot
operations. Given the situations
we de7ne
f•m = 0f ◦m; g•n = n ◦ 0g:(1.1.1)
Then corresponding to the situation
(1.1.2)
we have as an application of Lemma 1.1 the following:
n ◦m = f•m + g′•n = g•n + f′•m:(1.1.3)
We shall be concerned with the operation of pasting in the bicategory S. In order to
de7ne it we shall need the concept of a well-formed diagram in S.
1.2 Denition. A diagram D consists of a functor from a small bicategory into S. It
is well-formed if (i) it is embeddable in a plane; (ii) its interior has no empty 2-cells;
(iii) the morphisms in its boundary paths are bracketed from the left.
Note that diagram (1:1:2) is well formed but the following are not.
(1.2.1)
Such diagrams need not have a unique well-formed conversion. For example (a) is
ambiguous and the indicated 2-morphism does not have a well-de7ned codomain, but
the following are possible conversions.
(1.2.2)
If a diagram is well-formed then it may de7ne a pasting operation that associates,
with the various 2-morphisms inhabiting its individual 2-cells, a single 2-morphism
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inhabiting the 2-cell formed by its boundary arrows. For further details see [26]. In the
case of the simple diagrams in (1.2.2) pasting operations are clearly de7ned, having
values
(a) m + ghk ∈S(f; (gh)k); (b) g•m + ghk′ + k ′•n∈S(gk; h′k ′);
respectively.
When well-formed diagrams are juxtaposed (at a common boundary arrow) the new
diagram need not be well formed. For example,
: k
′
−−−→ :
k
 ⇑ m
 h′
: −−−→
h
:
and
: h
′′
−−−→ :
h′
 ⇑ n
 g′
: −−−→
g
:
are well-formed but, of course, the following is not.
: k
′
−−−→ : h
′′
−−−→ :
k
 ⇑ m h′
 ⇑ n
 g′
: −−−→
h
: −−−→
g
:
The corresponding well-formed diagram
has a pasting operation with value
ghk + g•m + gh′k′ + k ′•n∈S((gh)k; (g′h′′)k ′):(1.2.3)
Some simpli7cation of certain formulae is possible in a bicategory with zeros.
1.3 Denition. The bicategory S has zeros if the following hold.
(i) There is an object ∗ of S which is initial and terminal (for every object Y of
S there exist unique arrows ∗ → Y and Y → ∗). A composite arrow Z → ∗ → Y is a
zero arrow and will be denoted ∗ZY .
(ii) fgh = 0 if one of the arrows f; g; h is zero.
(iii) Given m : g⇒ g′ :Z → Y then (∗UZ)•m = 0∗UY and (∗YX )•m = 0∗ZX .
1.3.1 Note. For any 1-morphisms h :U → Z and f :Y → X we have
∗ZY ◦ h= ∗UY and f ◦ ∗ZY = ∗ZX :
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1.3.2 Lemma. Suppose that
U h→ Z g→ Y f→ X
are 1-cells in a bicategory with zeros.
(i) Given b :f ⇒ ∗YX then fgh = (gh)•b− h•g•b.
(ii) Given c : g⇒ ∗ZY then fgh = f•h•c − h•f•c.
(iii) Given d⇒ ∗UZ then fgh = f•g•d − (fg)•d.
Proof. (i) By the naturality of  we have a commutative diagram
f ◦ (g ◦ h) fgh=⇒ (f ◦ g) ◦ h
b◦(0g◦0h) ⇓ ⇓ (b◦0g)◦0h
∗XY ◦ (g ◦ h)
∗XY gh=⇒ (∗XY ◦ g) ◦ h
Since ∗XY gh =0; b ◦ (0g ◦ 0h)= b ◦ (0gh)= (gh)•b and (b ◦ 0g) ◦ 0h = h•g•b; the desired
equality follows. In a similar way we may obtain (ii) and (iii).
1.3.3 Denition. A track bicategory is a bicategory with zeros in which the 2-morphisms
are invertible.
For the remainder of the paper S will refer to a track bicategory. It may be checked
that the bicategory bTop∗ studied in [9] is an example of such a structure.
1.4 Proposition. Let k :V → U; h :U → Z; g :Z → Y; f :Y → X be 1-morphisms in
S; a track bicategory. Let m : hk ⇒ ∗; n : gh⇒ ∗ and p : fg⇒ ∗ be 2-morphisms in
S then the following diagrams
are well-formed and the corresponding pasting operations
(a)− g•m + ghk + k•n∈S(∗VY ; ∗VY ); (b)− h•p− fgh + f•n∈S(∗UX ; ∗UX )
satisfy the equation
f•{−g•m + ghk + k•n}=−k•{−f•n + fgh + h•p} in S(∗VX ; ∗VX ):(1.4.1)
Proof. We have to show L= R; where
L :=− f•g•m + f•ghk + f•k•n and R :=− k•h•p− k•fgh + k•f•n:
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Now
L=−(fg)•m − fg(hk) + f•ghk + f(gh)k + k•f•n (by 1:3:2(iii); 1:3:2(ii))
=−(hk)•p− fg(hk) + f•ghk + f(gh)k + k•f•n (interchange law; 1:3:1)
=−k•h•p− (fg)hk − fg(hk) + f•ghk + f(gh)k + k•f•n (by 1:3:2(i))
=−k•h•p− k•fgh + k•f•n (by AC)
= R as required:
We use the formalism
nm =−g•m + ghk + k•n:(1.4.2)
Note that (1.4.1) then becomes
f•nm =−k•p n:(1.4.3)
2. The Toda bracket
As indicated by BOenabou [2], with any bicategory S can be associated its Poincar@e
category hS. We recall the de7nition in the case that the 2-morphisms are invertible.
The PoincarOe category hS has the same objects as S but its morphisms are the equiva-
lence classes of 1-morphisms of S under the relation , where we have g  g′ if and
only if g and g′ have the same domain and codomain and there exists a 2-morphism
of S
q : g⇒ g′:(2.1)
The same relation  can be de7ned in an arbitrary track bicategory S. Then it is
appropriate to regard hS as being the homotopy category of the underlying weak
category of S and of (2.1) as a homotopy relation. To support this analogy we note
that  is a natural equivalence relation in the sense that if f ◦ g is de7ned and if
f  f′ and g  g′ then f ◦ g  f′ ◦ g′. In particular, if Z and X are objects of S, we
use also the non-speci7c notation o for the zero morphism ∗ZX and denote by 1(Z; X )
its 2-endomorphism group S(Z; X )(o; o).
Continuing the analogy with classical homotopy theory we denote by (Z; X ) the
morphism set hS(Z; X ) and use Greek letters to denote elements of such sets. Note
that (Z; X ) is a pointed set with preferred element 0 = {o}. A secondary opera-
tion corresponding to the classical Toda bracket [25] can be de7ned in the following
manner.
Suppose we have elements
V → U → Z → Y
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satisfying  ◦  = 0 and  ◦  = 0, and suppose that we have representatives k :V →
U; h :U → Z; g :Z → Y of ; ; , respectively. First, note that there are operations
∗ :1(V; Z)→ 1(V; Y ) and ∗ :1(U; Y )→ 1(V; Y );
where ∗(v) = g•v for g∈  and ∗(w) = k•w for k ∈ . We shall soon see that these
do not depend on the particular choice of the 1-morphisms g and k. Now we may
consider the subset
{; ; }= {nm =−g•m + ghk + k•n |m : hk ⇒ o; n : gh⇒ o}(2.2)
of 1(V; Y ) associated with the pasting operation 1.4(a). Then we have the theorem:
2.3 Theorem. {; ; } as de:ned in (2.2) does not depend on the choice of represen-
tatives g; h; k. It is a double coset of the subgroups ∗1(V; Z) and ∗1(U; Y ).
Proof. We 7rst check that ∗v= g•v does not depend on the choice of g∈ . Suppose
that q : g⇒ g′; so that g; g′ ∈ . Applying (1.1.3) to the situation
we 7nd that q ◦ v=g•v+o•q+g′•v. But since o•q=(∗VZ)•q=0, by De7nition 1.3(iii),
we have g•v = g′•v.
Suppose now that n′  m′ is another element of {; ; }. Then it is suJcient to
observe that
−g•m′ + ghk + k•n′ = g•(−m′ +m)− g•m + ghk + k•n + k•(−n + n′)
while noting that g•(−m′ +m)∈ ∗1(V; Z) and k•(−n + n′)∈ ∗1(U; Y ).
2.3.1 Remark. The reader will observe; contrary to the situation with regard to the
classical Toda bracket [25]; that whereas the values of the operation as de7ned above
are cosets of groups associated with the objects of S; the elements of these groups are
not represented as morphisms of the homotopy category hS. When we come to apply
the theory to the bicategory bTop∗ we shall see that this can be remedied.
We may now derive certain standard properties of the Toda bracket in our setting.
For example, from Proposition 1.4 we may deduce, given classes
V → U → Z → Y → X
satisfying  ◦  = 0;  ◦ = 0 and  ◦ = 0, the equation
∗{; ; }=−∗{; ; } in 1(V; X );(2.4)
c.f. [25, Proposition 1.2].
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If ;  and  are only required to satisfy  ◦  = 0 and  ◦  = 0, we nevertheless
have
∗{; ; } ⊆ { ◦ ; ; };(2.4.1)
c.f. [25, Proposition 1.2(iv)].
Proof of (2.4.1). Let f; g; h; k be representatives of ; ; ; ; respectively. Let n : gh⇒
∗UY be a 2-morphism as in diagram 1.4(b). Then from this same diagram we may note
−fgh + n : (fg)h⇒ ∗UX . It is suJcient to show that
(−fgh + f•n)m∈ ∗{; ; };
where m : hk ⇒ ∗VZ . The argument is similar to the proof of (1.4.1).
Similar considerations also yield the following analogs of [25, Proposition 1.2(i)–
(iii)]:
If  ◦  = 0 =  ◦ = 0 then
∗{; ; } ⊆ {; ;  ◦ }:(2.4.2)
If  ◦  = 0 =  ◦  ◦  then
{; ;  ◦ } ⊆ {;  ◦ ; }:(2.4.3)
If  ◦  ◦ = 0 =  ◦  then
{ ◦ ; ; } ⊆ {;  ◦ ; }:(2.4.4)
3. The bicategory bTop∗
The main idea of [9] was to represent the classical triple Toda bracket in the ho-
motopy category of pointed spaces hTop∗ as the primary composition in a homotopy
category htTop∗ whose objects were the pointed maps of Top∗ and whose morphisms
were the tracks (relative homotopy classes) of nullhomotopies. For example, if k :V →
U and h :U → Z are maps such that hk  o then morphisms
m : k → h
are de7ned; we get a typical morphism by choosing m to be the track of some null-
homotopy mt of hk. Then if n : h → g is a similar morphism, where g :Z → Y , one
chooses their composition to be the ‘pasting composition’
n4m =−g•m + k•n
which de7nes a typical element of the Toda bracket {{g}; {h}; {k}}. But then the
composed morphism is of a diHerent ‘type’ to that of m and n, since its associated
track is that of a self-homotopy ∗  ∗ :V → Y . We say that these latter are of type 1,
whereas n4m is of type 2. Complications arise since one needs also types 0 and 3, for
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identity morphisms and, respectively, for compositions of more than two morphisms
of type 1. We end up with morphisms which are diagrams as follows:
: 1−−−→ :
k
 ⇑ 0
 k
: −−−→
1
:
= 1k : k → k (type 0)
: 1−−−→ :
k
 ⇑ −m
 h
: −−−→∗ :
=m : k → h (type 1)
: ∗−−−→ :
h
 ⇑ r
 f
: −−−→∗ :
= r : h→ f (type 2)
: ∗−−−→ :
h
 ⇑ r
 f
: −−−→∗ :
= r : h→ f (type 3)
The diagrams compose via suitable pasting rules leading to the following formulae:
n4m =−g•m + k•n (m : k → h; n : h→ g of type 1);(3.0.1)
r4m =−k•r (m : k → h of type 1; r : h→ f of type 2 or 3);(3.0.2)
p4r= f•r (p : g→ f of type 1; r : k → g of type 2 or 3);(3.0.3)
s4r= 0 (r : k → g of type 2 or 3; s : g→ e is of type 2 or 3):(3.0.4)
A category htTop∗ can be de7ned in this way, the set of morphisms of type 1 from k
to h being denoted hom1(k; h), for further details see [9].
3.1. Remark. Somewhat arbitrarily; the tracks permitted to occupy morphisms of type
2 in htTop∗ were restricted in [9] to those that could result from composition of
morphisms of type 1. We here withdraw that restriction; permitting morphisms of type
2 to contain tracks of all possible self-homotopies of the trivial map. The change aHects
the assertions in [9; Proposition 1.2(ii) and (iii)] and some minor details in the proof
of [9; Lemma 1.3]. A corresponding change will be required to the de7nition of the
category bTop∗ but the remaining results and arguments of [9] are not aHected.
The category htTop∗ turns out to be the homotopy category associated with the
bicategory bTop∗ whose de7nition is similar to that of htTop∗ except that tracks of
nullhomotopies are replaced by their corresponding semitracks (see below).
We recall [9] that the objects of bTop∗ are pointed continuous maps. A 1-morphism
of the bicategory has a type which is an integer r, where 06 r6 3. For each object
(i.e. pointed map) k there is a formal identity 1-morphism 1k : k → k of type 0. A
1-morphism of type 1 from k to h, is only de7ned if codomain(k)=domain(h) and hk
is nullhomotopic. For arbitrary maps h :U → Z and f :Y → X morphisms of types 2
and 3, r : h → f are always de7ned. Geometrically, the morphisms may be regarded
as diagrams inhabited by semitracks. (A semitrack is an equivalence class under the
relation of thin relative homotopy, in particular if mt :V → Z is a nullhomotopy, the
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semitrack 〈mt〉 is a 1-morphism in the 2-groupoid G2(V; Z), for details see [10]). The
diagrams are of the form
: 1−−−→ :
k
 ⇑ 〈k〉
 k
: −−−→
1
:
= 1k : k → k (type 0)
: 1−−−→ :
k
 ⇑ 〈mt〉−1
 h
: −−−→∗ :
= 〈mt〉 : h→ k (type 1)
: ∗−−−→ :
h
 ⇑ 〈rt〉
 f
: −−−→∗ :
= 〈rt〉 : h→ f (type 2)
: ∗−−−→ :
h
 ⇑ 〈rt〉
 f
: −−−→∗ :
= 〈r〉 : h→ f (type 3):
The diagrams compose via suitable pasting of squares. (Some of the diagrams have
to be turned upside down and the positions of their bounding arrows rearranged.) The
following composition formulae can be checked:
(i) 〈nt〉4〈mt〉= k•〈nt〉 • g•〈mt〉−1 (〈mt〉 : k → h; 〈nt〉 : h→ g of type 1)
(ii) 〈rt〉4〈mt〉= k•〈rt〉−1 (〈mt〉 : k → h of type 1; 〈rt〉 : h→ f of type 2 or 3)
(iii) 〈pt〉4〈rt〉= f•〈rt〉 (〈pt〉 : g→ f of type 1; 〈rt〉 : k → g of type 2 or 3)
(iv) 〈st〉4〈rt〉= 〈∗t〉 (〈rt〉 : k → g of type 2 or 3; 〈st〉 : g→ e of type 2 or 3)
Note that 〈m′t〉 • 〈mt〉= 〈mt +m′t〉, where + refers to the usual concatenation of homo-
topies, and 〈mt〉−1 = 〈m1−t〉.
If 〈nt〉; 〈n′t〉 : h → f are 1-morphisms of types 1, 2 or 3, so that 〈nt〉 and 〈n′t〉 are
1-morphisms in the 2-groupoid G2(V; Z), where V = domain(h) and Z = codomain(f)
then a 2-morphism F : 〈nt〉 → 〈n′t〉 in bTop∗ is de7ned to be such a 2-morphism in
G2(V; Z), i.e. a 2-track in the terminology of [10]. (Note our use of Roman capitals
for 2-tracks.) If F exists then 〈nt〉 and 〈n′t〉 are homotopic in the sense of (2.1). We
denote their homotopy class in hbTop∗ by n, consistently with the notation of [9],
where the homotopy category hbTop∗ is shown to coincide with the category htTop∗
given a separate exposition at the beginning of the paper.
Since bTop∗ is in fact a track bicategory the theory of Section 2 applies. Given
homotopy classes and representative maps
V k∈−−−→ U h∈−−−→ Z g∈−−−→ Y f∈−−−→ X
and given
k m→ h n→ g p→ f;(3.1.1)
where m; n; p are morphisms of type 1 in htTop∗, satisfying
n4m = 0 and p4n = 0(3.1.2)
then the Toda bracket
{p; n;m} ⊆ 1(k; f) ≈ bTop∗(〈∗kf〉; 〈∗kf〉) ≈ G2(V; X )(〈o〉; 〈o〉)(3.2)
is de7ned, in principle, via (2.2). We shall consider detail later.
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Note that there is a further isomorphism
%′ :G2(V; X )(〈o〉; 〈o〉) ≈ (&2V; X )(3.2.1)
as a consequence of [10, 3.1]. This is the mechanism (predicted in Remark 2.3.1)
whereby elements of the Toda bracket (3.2) can be identi7ed with pointed homotopy
classes between spaces. Our use of the Greek letter % is therefore appropriate. The
reader may recall a similar device in [9, (0.2.2)] using the isomorphism
% :V (Y ; ∗) ≈→ (&V; Y )(3.2.2)
to recover from n4m an element %(n4m) of {; ; }. We shall 7nd these conventions
useful in Section 4 when we study identities involving iterated brackets.
3.3 Proposition. If p; n;m in (3.1.1) satisfy (3.1.2) then %′{p; n;m} ⊆ (&2V; X ) is a
coset of
 ◦ (&2V; Y ) + (&2U; X ) ◦ &2:
Proof. Since (&2V; X ) is abelian; it follows from Theorem 2.3 that {p; n;m} is a
coset of p∗1(k; g) + m∗1(h; f) in 1(k; f). But we have 〈pt〉∗bTop∗(〈∗kg〉; 〈∗kg〉) =
f•bTop∗(〈o〉; 〈o〉) and 〈mt〉∗bTop∗(〈∗hf〉; 〈∗hf〉)=k•bTop∗(〈o〉; 〈o〉); applying [9; 3.2.3
and 3.2.2]; from which Proposition 3.3 follows.
Now (&2V; X ) is exactly the group in which we 7nd values of the classical qua-
ternary Toda bracket [23,18]
{{f}; {g}; {h}; {k}}:(3.4)
We recall that bracket (3.4) is de7ned if we are given a sequence of spaces and maps
V k→ U h→ Z g→ Y f→ X(3.4.1)
whose composites are nullhomotopic in pairs and for which there exist nullhomotopies
satisfying a certain coherence condition. What this comes down to is that there should
exist tracks p; n;m as in (3.1.1) satisfying (3.1.2). In that case the bracket {p; n;m} is
de7ned. However, sometimes there are other choices of tracks satisfying (3.1.1) and
(3.1.2) and one may de7ne
{; ; ; }=
⋃
T
%′{p; n;m};(3.5)
where the union is taken over the set
T = {(p; n;m) | p4n = 0; m4n = 0}:(3.5.1)
Note that T may be empty in which case the usual convention is that bracket (3.5)
is empty.
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Applying (2.4) to bTop∗ we obtain:
3.6 Proposition. Given maps and tracks
W
j∈)−−−→ V k∈−−−→ U h∈−−−→ Z g∈−−−→ Y f∈−−−→ X;
j 1→ k m→ h n→ g p→ f;
suppose that m41= 0; n4m = 0 and p4n = 0; then we have
p4{n;m; 1}=−{p; n;m}41 in 1(j; f):
The following classical result (c.f. [18, Proposition 6.12]) can be deduced.
3.7 Corollary. With the hypotheses of Proposition 3.6;
 ◦ {; ; ; )} ∩ {; ; ; } ◦ &2) = ∅:
Proof. Let l;m; n; p; be a choice of tracks which satisfy the equations in Proposition
3.6. Then we have 〈pt〉∗{n;m; l} = f•{n;m; l}; by [9; 3.2.3]; and −〈lt〉∗{p; n;m} =
j•{p; n;m}; by [9; 3.2.2]. The corollary is then a consequence of the de7nition of the
quaternary bracket.
3.7.1 Remark. Note that applications of Corollary 3.7 require knowledge of the full
indeterminacy of the quaternary bracket. In general this is known (see [18; Proposition
6.5]; [27]) to be larger than that of the triple bracket given in Proposition 3.3. Our
view is that it is simpler; and in some sense more natural; to work with the triple
bracket and we do not revisit here the indeterminacy of the quaternary Toda bracket.
3.8 Remark. It will be useful to interpret an element of the bracket {p; n;m} in the
situation (3.1.1); via de7nition (2.2); as a 2-morphism of G2(V; X ). Suppose that p; n;m
have representative 1-morphisms 〈pt〉; 〈nt〉; 〈mt〉 in bTop∗. Then
{p; n;m}= {N M |M : 〈nt〉4〈mt〉 ⇒ o; N : 〈pt〉4〈nt〉 ⇒ o};(3.8.1)
where N M =−〈pt〉∗M + pnm + 〈mt〉∗N is the pasting associated with the diagram
(3.8.2)
Now we have (〈pt〉4〈nt〉)4〈mt〉= k•(〈pt〉4〈nt〉)−1 = k•f•〈nt〉 • k•h•〈pt〉−1 and 〈pt〉4
(〈nt〉4〈mt〉)=f•k•〈nt〉•f•g•〈mt〉−1. Moreover; by [9; 3.2.3; 3.2.2]; 〈pt〉∗M=0〈pt〉4M=
f•M and 〈mt〉∗N = N40〈mt〉 = k•N . Also; by [9; 3.3.1]; the associativity isomorphism
is given by
pnm =−〈f•k•nt〉∗[pt; mt]−1;
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where [pt; mt] is the interchange 2-track de7ned in [9; Proposition 2.4]. Hence diagram
(3.8.2) in bTop∗ corresponds to the following diagram in G2(V; X ).
(3.8.3)
4. Extensions and coextensions
For further study of the triple bracket in htTop∗ it will be necessary to indicate the
role that Toda’s extensions and coextensions play in this theory. As they are rather
basic in the classical theory, it is to be expected that they should assume a signi7cant
form in our categorical approach.
Recall that a 1-morphism 〈mt〉 : k → h of the bicategory bTop∗ is an oriented square
that can be expressed in one of the two equivalent forms:
(i)
V k−−−→ U ⇑ 〈m1−t〉
 h
∗ −−−→ Z
(ii)
V −−−→ ∗
k
 ⇑ 〈mt〉

U −−−→
h
Z
:(4.1)
With the data k, h and mt is associated a coextension of k and an extension of h, i.e.
a pair of maps
m˜ :&V → Ch and Vm :Ck → Z;
from the reduced suspension of V to the mapping cone Ch of h and from Ck to Z ,
where m˜ and Vm are de7ned by the formulae
m˜(v; t) = m2t−1(v) (1=26 t6 1); m˜(v; t) = (kv; 2t) (06 t6 1=2)(4.2.1)
and
Vm(u) = h(u); Vm(v; t) = m1−t(v):(4.2.2)
Note that we take Ch to be the space obtained from U × I +Z by factoring out by the
relation ∼, where (u; 0) ∼ ∗ ∼ (∗; t) and (u; 1) ∼ hu (u∈U; t ∈ I). Note also that the
given de7nitions (4.2.1) and (4.2.2) are special cases of Puppe’s formula [19, (9)] for
the map induced between mapping cones by a homotopy commutative square.
Given 1-morphisms 〈mt〉 : k → h; 〈nt〉 : h→ g and 〈pt〉 : g→ f, where
V k→ U h→ Z g→ Y f→ X;
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it is well known (c.f. [18,5]) that there is a diagram
(4.3)
in which the central square commutes up to homotopy (in fact the central square is
a homotopy pushout, as follows by use of [15, Lemma 3.3]) and where Pg :Y → Cg
and Qh :Ch → &U are the maps de7ned by Puppe [19, pp. 304, 308]. Moreover, we
record Toda’s extension–coextension decomposition:
{ Vn} ◦ {m˜}= %(n4m)∈ (&V; Y ):(4.3.1)
We have
4.4 Theorem. Given 〈mt〉 : k → h; 〈nt〉 : h→ g; 〈pt〉 : g→ f; with n4m=0 and p4n=0;
then
%′{p; n;m}= {{f}; { Vn}; {m˜}} ∩ −{{ Vp}; {n˜}; {&k}}:
Proof. That {{f}; { Vn}; {m˜}} and −{{ Vp}; {n˜}; {&k}} have elements in common goes
back to [18; p. 48] and indeed is a consequence of the homotopy-commutativity of
(4.3). To clinch the matter we indicate the relation between diagram (4.3) and def-
inition (3.2). The upper and lower routes in (4.3) from &V to X ; being maps from
a suspension; may be regarded as self-homotopies of the trivial map ∗VX ; with corre-
sponding semitracks f•(〈nt〉4〈mt〉) and k•(〈pt〉4〈nt〉)−1.
As discussed in Remark 3.8, 〈nt〉4〈mt〉 = k•〈nt〉 • g•〈mt〉−1 and (〈pt〉4〈nt〉)−1 =
(h•〈pt〉 •f•〈nt〉−1)−1 =f•〈nt〉 • h•〈pt〉−1. Hence (4.3) corresponds to the central rect-
angle of diagram (3.8.3). Since the intersection of the indeterminacies of the brackets
on the right coincides with that of {p; n;m} as given in Proposition 3.3, this completes
the proof of Theorem 4.4.
4.4.1 Remark. The intersection of the two brackets on the right of the inclusion in
Theorem (4.4) de7nes subsets of each (in bijective correspondence with {p; n;m})
which we denote by
{[ {f}; { Vn}; {m˜}}=−{{ Vp}; {n˜}; {&k} [};
the Pats indicating that the indeterminacy on that side of the bracket is reduced. The-
orem 4.4 enables a sharpening of certain formulae involving iterated brackets. For
example; if a triple bracket
{3; 4; {; ; }}(4.5)
is de7ned; there is known to be a connection with the quaternary bracket
{3; 4 ◦ ; ; }:
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(See [18; Proposition 6.13].) We have:
4.5.1 Proposition. Given maps and tracks
U h→ Z g→ Y f→ X y→ X ′ x→ X ′′;
h n→ g p→ f; y x→ x
where x; y; f; g; h are representatives of 3; 4; ; ; ; respectively; and suppose that
y•p4n = 0 and f•x4y•p= 0; then
%′{f•x; y•p; n} ⊇ {3; 4; %(p4n)}:
Proof. By Theorem 4.4;
%′{f•x; y•p; n}= {[3; 4; ◦{ Vp}; {n˜}} ⊇ {3; 4; { Vp} ◦ {n˜}}:
Since { Vp} ◦ {n˜}= %(p4n); the desired result follows.
Translated in terms of the quaternary bracket we recover a result due to Oˆguchi [18,
Proposition 6.13].
4.5.2 Corollary. With the hypotheses of Proposition 4.5.1; we have
{3; 4 ◦ ; ; } ∩ {3; 4; {; ; }} = ∅:
A somewhat similar relation derives from the inclusion (2.4.2).
4.6 Proposition. Let x :X ′ → X ′′; y :X → X ′; f :Y → X; g :Z → Y; h :U → Z
be representatives of 3; 4; ; ; ; respectively; and suppose that n : h → g; p : g →
f; q :f → y and x :y → x satisfy x4q = 0 = q4p; then
∗{x; q; p} ⊆ −{x; q; p4n}:
The Proposition is a direct consequence of (2.4.2) provided we bear in mind, from
the de7nition of 4, that
∗{x; q; p}=−{x; q; p}4n:(4.6.1)
The inclusion in Proposition 4.6 can be interpreted in terms of extensions and coex-
tensions. Thus we have
4.7 Corollary. With the hypotheses of 4.6 we have
%′{x; q; p} ◦ &2 ⊆ {3; { Vq}; {p˜}} ◦ &2 ⊆ −{3; 4; { Vp ◦ n˜}} ⊆ −{3; 4; {; ; }}:
Proof. Certainly; the left-hand side of the inclusion in Proposition 4.6 translates into
{3; { Vq}; {p˜}}◦&2 via Theorem 4.4 and Remark 4.4.1. To check the inclusion; however;
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it is simplest to appeal to the following variation of the relevant version of diagram (4.3).
&U
Vpn˜−−−→ X y−−−→ X ′ x−−−→ X ′′
&h


∥∥∥∥
∥∥∥∥
&Z −−−→
−p˜
Cf −−−→
Vq
X ′ −−−→
x
X ′′
:
Corollary 4.7 is a sharpening of the following result which goes back to Gray; c.f. [5;
Theorem 2.3.21].
4.8 Corollary. {3; 4; ; } ◦ &2 ∩ −{3; 4; {; ; }} = ∅.
5. Hopf invariant formulae
This section contains the main applications of the paper. It begins with a review
of [9, Section 4] and may be regarded as a continuation thereof. The Hopf invariant
formulae obtained do not depend on the exactness principles discovered by James and
Toda for the EH: sequences and so their usefulness is not con7ned to studies of the
homotopy groups of spheres.
We 7rst recall from [9, Proposition 4.1] that the (reduced) suspension endofunctor
& of Top∗ gives rise to an endofunctor of htTop∗. If m : k → h is a morphism of
type 1 and m = {mt}, then &mt :&h&k  ∗ is a nullhomotopy of (&h)(&k) and we
set &m = {&mt} :&k → &h. If s : k → g is a morphism of type 2 or 3 and s = {st},
where st : ∗  ∗, then we set &s = {&st} to be the corresponding morphism of type 2
or 3 from &k to &g.
Note, however, that n4m∈ V (Y ; ∗). If we apply the isomorphism
% :V (Y ; ∗)≈→(&V; Y )
we obtain
%(&n4&m) =−&%(n4m);(5.1.1)
the change of sign arising through an interchange of suspension coordinates giving rise
to the classical (cf. [25, Proposition 1.3])
−E{; ; } ⊆ {E; E; E}:
We recall also the following formula involving Toda’s subscript bracket
%(n4&m)∈{; &; &}1:(5.1.2)
Recall that the suspension functor & is left adjoint in Top∗ to the loop functor ; and
that for a large class of spaces X a James space X∞ and an associated homotopy
equivalence can be de7ned [14]:
X∞ → ;&X(5.2)
inducing a canonical isomorphism
;1 :(&V; &Y )→ (V; Y∞):
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The Hopf–James invariant is a homomorphism
H = ;−11 jX ·;1 :(&V; &X )→ (&V; &(X ∧ X ))
induced (via the homotopy equivalence (5.2) and the & − ; adjunction) by a James
map
jX :X∞ → (X ∧ X )∞:
Recall that X∞ is a space whose underlying set is obtained from the set of 7nite
sequences of points of X by identifying all sequences which coincide if entries at the
base point ∗ are omitted. The subspace obtained from sequences of length at most n
is denoted Xn. Then there is an inclusion map iX :X = X1 → X∞ with the property
that the composition jX iX = ∗. It follows that the constant homotopy of the trivial map
de7nes a track HX and a morphism
HX : iX → jX(5.2.1)
in htTop∗. We recall from [8, Section 3] that there is a partially exact sequence
→ (&Y; X ) &→ (&2Y; &X ) H→ (&2Y; &(X ∧ X )) :
←
← (Y; X )→
which can be regarded as a generalised form of the EH: sequence [24]. Here :← is
a partial function (de7ned with a degree of indeterminacy) via a Toda bracket
:←(<) = −;−11 {◦{jX }; {iX }; <} ⊆ (&2V; &(X ∧ X ));(5.2.2)
where the little circle decorating the bracket indicates that only the preferred (trivial)
nullhomotopy of jX iX is permitted, thus reducing the indeterminacy. For the cases in
which the : operator is de7ned, :← coincides with :−1. In terms of the 4 composition
the de7nition can be restated as
:←(<) =−;−11 %(HX4q);(5.2.3)
where q is the track of a nullhomotopy of a representative of iX•<.
The following result due to Toda [25, Proposition 2.6] is prototypical. A proof using
the 4 composition was given in [9].
5.3 Proposition. Suppose that ∈ (Y; X ); ∈ (Z; Y ) and ∈ (U; Z) satisfy &( ◦
) = 0 and  ◦ = 0 then
H{&; &; &}1 =−:←( ◦ ) ◦ &2:(5.3.1)
Let h :U → Z; g :Z → Y and f :Y → X be representatives of the classes ;  and
, respectively, and suppose that they satisfy  ◦  = 0 and &( ◦ ) = 0. Then there
exist morphisms in htTop∗; n :&h→ &g and p : g→ f and we de7ne
1{&; &; &}= {%(&p4n)|n :&h→ &g; p : g→ f}:(5.4)
A proof of the following formula was given in [9].
5.4.1 Proposition. H (1{&; &; &}) = &2( ∧ ) ◦ :←( ◦ ).
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Versions of formula (5.3.1) for the quaternary bracket have been given in [18] and,
for higher order brackets, in [17]. These are related but not directly comparable to the
following formula, obtained via the triple bracket in htTop∗ involving the more general
rth Hopf–James invariant
Hr :(&2Y; &X )→ (&2Y; &X (r))
induced by the James map jr :X∞ → X (r)∞ , where X (r) refers to the r-fold smash power
of X . In place of the map iX we consider the inclusion i :Xr−1 → X∞. Then, certainly,
the composite map jr ◦ i is trivial and we may denote by Hr the track of the constant
homotopy.
Consider the maps and tracks
V k→ U h→ Z g→ Y f→ Xr−1 i→ X∞ jr→ X (r)∞ ;(5.5.1)
k m→ h n→ g p→ f; i Hr→ jr :(5.5.2)
5.5.3 Proposition. Given (5.5.1) and (5.5.2); if n4m = 0 and i•p4n = 0 then
Hr;−11 %
′{i•p; n;m} ⊇ −:←%(p4n) ◦ &3{k}:
Proof. First note; since Hr is the track of the constant homotopy at ∗; that f•Hr4i•p=
0. Applying (3.0.3) and Proposition 3.6; we have
jX •{i•p; n;m}= f•HX4{i•p; n;m}= {f•HX ; i•p; n}4m
and by Proposition 4.5.1 and (5.2.2) that
;−11 %
′{f•HX ; i•p; n} ⊇ ;−11 { jX ; i; %(p4n)}=−← %(p4n)
hence the result follows via (4.6.1).
We give two applications of Proposition 5.5.3. The 7rst, in the next section concerns
a contribution to a ‘method of constructing elements’. The second involves the special
case r = 2.
To express the result of Proposition 5.5.3 (r=2) in terms of quaternary brackets we
de7ne a new bracket
{&; &; &; &}′(5.5.3.1)
provided that the relevant classes satisfy the conditions
 ◦  = 0;  ◦ = 0;  ◦ = 0; {&; &; &}1 = 0 and {; ; }= 0(5.5.4)
by setting
{&; &; &; &}′ =
⋃
T′
;−11 %
′{i•p; n;m};(5.5.5)
where the union is taken over the set
T′ = {(p; n;m) |m4n = 0 = i•p4n}:
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Then in the case r = 2, Proposition 5.5.3 yields:
5.5.6 Corollary. If the classes ; ; ;  satisfy conditions (5.5.4) then
H{&; &; &; &}′ ⊇ −:←{; ; } ◦ &3:
Corollary 5.5.6 may be compared with the related formula [18, Proposition 7.18].
The formula in (5.3.1) has been used to detect non-trivial triple Toda brackets and that
of Corollary 5.5.6 may be similarly useful for detecting non-trivial quaternary brackets.
However, the indeterminacy of (5.5.3.1) is as yet unsettled and it is simpler to use
Proposition 5.5.3 directly. An example in the case r=4 is discussed after Corollary 6.10.
6. A secondary Hopf construction
In this 7nal section we present, as an application of Proposition 5.5.3, an extension
of what may be regarded as the ‘constructional approach’ to the study of the homo-
topy groups of spheres. This approach goes back to the original work of Hopf. Being
independent of the exactness principles discovered by James and Toda for the EH:
sequence it may be thought to have been superceded by the development of spectral
sequences for computation in unstable homotopy. Nevertheless, when it can be applied,
it oHers very direct information concerning the generators used and constructed in the
process and this can be valuable. Moreover, its basic nature raises the possibility of
its application to computation of homotopy groups of more general spaces.
We recall that the James space of the n-sphere has a cell structure
Sn∞ = S
n ∪[>]2 E2n ∪[>]3 E3n : : : ;
where the attaching class of the rn-cell is a generalised Whitehead product
[>]r ∈ rn−1(Snr−1);
where Snr−1 refers to the (r − 1)n-skeleton of Sn∞.
An element ∈ m(Sn) in the kernel of the suspension homomorphism E :m(Sn)→
m+1(Sn+1) belongs necessarily also to the kernel of one of the homomorphisms in-
duced by the inclusion maps
ir−1 : Sn → Snr−1:
If it survives to the skeleton Snr−1 it will be killed by the next cell if there is a
decomposition
i(r−1)∗= [>]r ◦ ; ∈ m(Srn−1):(6.1)
At this point the interest shifts to the homomorphism
[>]r∗ :m(S
rn−1)→ m(Snr−1)(6.2)
induced by composition with [>]r .
We have seen that  belongs to the kernel of E if and only if i(r−1)∗ belongs to
the image of wr for some r. However we are even more interested in the kernel of
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[>]r∗, since classes belonging to this may give rise to elements in the cokernel of E.
For suppose that ∈ m(Srn−1) is such that [>]r ◦  = 0. Then we may consider the
Toda bracket
{◦i; [>]r ; } ⊆ m+1(Sn∞);(6.3)
where i refers to the inclusion of Snr−1 into S
n
∞ and the little circle on the left of the
bracket indicates that the preferred nullhomotopy of the attaching map of the rn-cell
of Sn∞ given by its characteristic map is to be used. In consequence the indeterminacy
of the bracket consists simply of the subgroup of elements of James 7ltration less
than r.
If E2 =0 then the bracket can be ‘detected’ by the Hopf–James invariant homomor-
phism Hr :m+2(Sn+1)→ m+2(Srn+1) in the sense that the following equation holds:
Hr;−11 {◦i; [>]r ; }=−E2:(6.4)
The proof of (6.4) proceeds via an application of the formula (2.4). Details are omitted
since they are given in [8, 4.4, 4.5, 1.12]. The bracket formula in (6.3) can also be
found in [7] where it was regarded as yielding a generalisation of the Hopf construction.
It is well known that not all generators in the cokernel of suspension can be con-
structed via (6.3). For example, Toda’s elements )3 ∈ 11(S3) and the elements of
prime order p in 2p(S3), discovered by Serre [21] require alternative constructions.
The alternatives depend on inclusion formulae for the attaching classes [>]r in the exact
homotopy sequences associated with the skeleta of Sn∞. In particular, for the sequence
→ m(Snr−1)
j→ m(Snr−1; Snr−2) d→ m−1(Snr−2)
ir−1→ m−1(Snr−1)→
we have (c.f. [24, 5:9′′])
j[>]r = r[>; <] (n even); j[>]r = [>; <] (n odd);(6.5)
where < refers to the characteristic class of the n(r − 1)-cell of Sn∞ and the brackets
on the right-hand sides to the generalised Whitehead product in the sense of Blakers
and Massey [3]. Applying the boundary operator d to (6.5) yields the identity
r[>; [>]r−1] = 0 (n even)(6.6)
for the iterated Whitehead product. We shall use the abbreviated notation
!(n; r) = [>n; [>n]r−1]:
Suppose that r= st, then the bracket coset in the following is de7ned and it is known
that
{ir−1; s!(n; r); t>rn−2} ⊇ {ir−1; !(n; r); r>rn−2} ⊇ [>n]r + indeterminacy(6.7)
in rn−1(Snr−1), where ir−1 refers to the inclusion S
n
r−2 → Snr−1. Moreover, if there
exists an element ∈ m(Srn−2) such that s!(n; r) ◦ = 0 then a non-zero class in the
bracket
{ir−1; s!(n; r); } ⊆ m+1(Snr−1)(6.8)
may perhaps be detected using a form of the Hopf–Toda invariant [24, (7.4)]. For
example, to recover (precursors of) the Serre elements referred to above, consider the
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case n= 2; r = p (prime), s= 1; = >, and, for )3 ∈ 11(S3), take n= 2, r = 4, s= 2,
= A6 [13, Proposition 30].
Another possibility is to apply Proposition 5.5.3 to the following situation.
Consider the diagram
Sm
−−−→ Srn−2 t>rn−2−−−→ Srn−2 s!(n;r)−−−→ Snr−2
ir−1−−−→ Snr−1 i−−−→ Sn∞
jr−−−→ Srn∞;
where  is such that t>rn−2 ◦  = 0, and let k ∈ ; t; w∈ s!(n; r), denote representative
maps. Then there is a diagram
k m→ t n→ w p→ ir−1; i Hr→ jr(6.9)
of maps and tracks of type (5.5.2). In view of (6.7), we certainly have that
{ir−1; s!(n; r); t>rn−2}= [>n]r−1 + ir−1∗rn−1(Snr−2) + trn−1(Snr−1)
and, indeed, that the tracks n and p can be selected in such a way that p4n= [>n]r−1.
It follows that i•p4n = 0. Proposition 5.5.3 now yields:
6.10 Corollary. If %(n4m) = 0∈{s!(n; r); t>rn−1; }; where ∈ m(Srn−2) then; the
bracket ;−11 %
′{i•p; n;m} is de:ned and; for each of its elements 3 we have
Hr3=±&3∈ m+3(Srn+1):
Proof. The result follows immediately from Proposition 5.5.3 when we recall that
:(>rn+1)=±[>n]r . (This fact is implicit in [24]; but it is hard to give a speci7c reference
other than [6; Lemma 3.3].)
The main application of Corollary 6.10 is to the study elements of odd prime order
p in the homotopy groups of spheres, for, by Toda [24, Theorem 4.6 (i)], there is a
map g : S(p−1)n−1 → Snp−2 such that the correspondence (; )→ E+ g∗() induces a
Cp-isomorphism
rn−3(Sn−1) + rn−2(Spn−1) ≈ rn−2(Snp−2) (m¿ 1):(6.11)
Then the interesting elements  come via the 7rst summand of (6.11).
Essentially, this application (but in a version for the quaternary Toda bracket) was
used by Gray in the construction of the diHerentials for his spectral sequence [5]. How-
ever, Corollary 6.10 as it stands yields some information about the elements constructed
in the process.
Corollary 6.10 also yields information about the elements !(n; r). These have been
shown by Shar [22] to be of order r. When Hr is known to be trivial we can deduce
that no Toda bracket of form {s!(n; r); t>rn−1; } can be trivial.
In the case r = 4, non-trivial elements can be detected by the Corollary. Without
attempting to be exhaustive we mention the following examples which arise through
the identi7cation of 2!(2; 4) as an element in the image of the homomorphism
j∗ :6(S2)→ 6(S22 );
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where j refers to the inclusion S2 → S22 . Using Toda’s notation for elements in the
homotopy groups of spheres, and applying [24, Lemma 5.7] and [13, Proposition 29]
we have
j∗(42 ◦ A′) = 2!(2; 4):(6.12)
Now suppose that ∈ m(S6) and consider Toda brackets of form
{42 ◦ A′; 2>6; } ⊆ m+1(S2):
When such a bracket vanishes identically then we may apply Corollary 6.10 with
r=4; s= t=2 to obtain an element 3∈ m+3(S3) with the property that H43=±E3.
The condition is satis7ed if m= 9, for then we have
{42 ◦ A′; 2>6; 46}∈ 10(S3) = 0:
In this case we can recognise 3 as the element <3 ∈ 12(S3).
Similarly, by considering  = A36 ∈ 15(S6) we may obtain the element V)3 ∈ 18(S3),
satisfying H4 V)3 = A39.
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